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By the end of this Webinar you will 
have:
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Experienced how project scheduling can be developed and formalised 
through authentic modelling problems.

Familiarity with the growing bank of resources available to teachers of 
Applied Mathematics.

Experienced Bellman’s Principle of Optimality algorithm and its 
appropriateness, through the lens of mathematical modelling.  
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Project scheduling and 
critical path analysis
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Strand 2

Mathematical 
modelling with 

networks and graphs

Strand 3

Mathematical 
modelling the 
physical world

Strand 4

Mathematical 
modelling  a 

changing world

Mathematical Modelling

Strand 1

Overview of the Specification



What is Project Scheduling and Why use it?

Project Scheduling and Critical Path Analysis involves 
planning the order of activities in any kind of project.

Some activities depend on the completion of others 
(e.g. you can’t put a roof on a house without 
constructing the walls first).

Project Scheduling determines the shortest possible 
time to complete a project resulting in more efficient 
work.



Where is it Used?

Widely used in project management (Engineering, Business, 
Construction) to predict how long a project will take. 
For example: planning if a new toy will be ready for the 
Christmas shopping period. 

Preparing/planning a trip abroad (packing, purchase tickets, 
passport check, checking in, travel, accommodation, events 
etc.).

Making full Irish breakfast (wouldn’t complete each task one 
after the other, i.e toast is toasting while eggs are cooking).

“The Applied Mathematics course uses 

authentic problems as a context for 

learning about the application of 

mathematics to design solutions for 

real-world situations.” 

Specification p. 9



How quickly can you prepare tea for four?

Place the ten tasks listed below in the 
correct order! Estimate the time taken to 
prepare the tea for four.

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling

ACTIVITY DESCRIPTION

DURATION

(minutes)

A Pour tea into four cups 1

B Boil the kettle 3

C Relax and enjoy the tea 5

D Allow the tea in teapot to brew 

before pouring
2

E Fill the kettle and switch on ½

F Greet guests and invite them 

to sit in sitting room
1

G Call guests for tea ½

H Add milk and sugar to tea 1

I Add tea bags to the teapot ¼

J Pour boiling water to teapot ½

https://www.youtube.com/watch?v=aaKT2AdJCAc


Creating a precedence table
From the activity descriptions listed below, 
complete the precedence table opposite.  
This means list the activities in the order 
they were completed.

ACTIVITY DESCRIPTION

DURATION

(minutes)

A Pour tea into four cups 1

B Boil the kettle 3

C Relax and enjoy the tea 5

D Allow the tea in teapot to brew 

before pouring
2

E Fill the kettle and switch on ½

F Greet guests and invite them 

to sit in sitting room
1

G Call guests for tea ½

H Add milk and sugar to tea 1

I Add tea bags to the teapot ¼

J Pour boiling water to teapot ½

Precedence table

Activity Predecessor
Duration 

(mins)

E - ½

F - 1

I E ¼

B E 3

J I , B ½

D J 2

G F ½

A D, G 1

H A 1

C H 5

Precedence table

Activity Predecessor
Duration 

(mins)



Construct a Network Graph
Using the precedence table opposite 
lets now sketch a Network Graph to 
represent these activities.

Precedence table

Activity Predecessor
Duration 

(mins)

E - ½

F - 1

I E ¼

B E 3

J I , B ½

D J 2

G F ½

A D, G 1

H A 1

C H 5



Determine the Critical path for this 
schedule of activities

Determine the critical path of activities as 
indicated in the Precedence table opposite 
and represented in the network graph 
below.

Precedence table

Activity Predecessor
Duration 

(mins)

E - ½

F - 1

I E ¼

B E 3

J I , B ½

D J 2

G F ½

A D, G 1

H A 1

C H 5

“..apply the concepts 

of critical path to 

project scheduling...” 

Specification p. 17



Applying a rough work grid for each activity 
Start Activity Finish

Duration



We have determined that moving forward 
through the activity list from beginning to 
end will take  13 minutes.

Start Activity Finish

Duration



We have worked backwards through the schedule 
and are now set in to identify the Critical Activities 

Can an activity be delayed without 
affecting the overall schedule?

Start Activity Finish

Duration

Early   

Start

Activity Early 

Finish

Late   

Start

Duration Late 

Finish



Identifying the Critical activities and Critical Path

ES Act EF

LS Dur LF

Critical activities are those for which the start and finish times are strictly 
defined. They are critical in the sense that their delay results in the delay of 
the whole project.

How might the difference between the Late Finish and 
the Early Finish help us to identify critical activities? 

An activity is said to a Critical Activity if its float is zero.

The Critical Path is   E, B, J, D, A, H and C.

We call this difference 
the Float.



Interpreting our solution

The Critical Path is E, B, J, D, A, H and C

How would we interpret the 
non-critical activities F,G I ?  

“..apply the concepts of 

critical path, early times, 

late times and floats to  

project scheduling.” 

Specification p. 17
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Dynamic Programming and 
Bellman’s Principle of 

Optimality



Dynamic Programming and 
Bellman’s Principle of Optimality

Applied Mathematics Specification p. 17



Bellman’s Principle of Optimality

Bellman’s Principle of Optimality is a technique for 
solving multi-stage decision-making problems. 
It involves a sequence of decisions, the object of which 
is to optimise time, profit or resources by taking the 
correct decision at each stage.

Mallow

Charleville

Limerick

Principle: Any part of the shortest/longest path 
between the source and sink nodes is itself a 
shortest/longest path.
Or: ‘any part of the optimal path is itself optimal’



Bellman’s Principle of Optimality

A multi-stage graph is a directed graph in which the 

vertices can be divided into a set of stages such that all 

edges are from a stage to the next stage only.

S

A

T

B

C

D

E

F

G

H

Stage 1Stage 3 Stage 2

State

Action

A state is the vertex being considered at each point. 

A stage is a collection of directed edges (moves) and 

represents the transition from one set of states to the 

next.

An action is a directed edge from one state to the next. 

In selecting an arc you consider what happens if you do 

that action.



Building Maintenance

A company that owns an apartment building is planning 
upgrades and maintenance for the building over the next four 
years.

Horgan Project Management are hired to plan the work 
needed and research the costs involved.

Sample costs: Painting, upgrading of heating system, better 
insulation, landscaping, repairs etc. 
Initial assumptions: Costs remain the same each year, Same 
services available each year.

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling



Building Maintenance

The maintenance company took all of the researched 
costs and information and translated them into a 
mathematical representation.

The network represents the decisions associated with the 
maintenance and the company wish to minimise their 
costs over the four year period.

Determine which decisions the company should make in 
order to minimise the costs and calculate the average 
yearly cost based on those decisions. 

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling



Applying Bellman’s Principle of Optimality 

S 

G 

T 

The number on each edge 
represents the cost in 
€1000s corresponding to 
each particular decision.

H 

F 

E 

D

C 

B

20 

24 

18 

17 

15 

14 

16 

16 

24 

23 

21 

28 

27 

26 

22 

28 

27 

30 

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling

A

“apply Bellman’s Principle of Optimality to find the 

shortest paths in a weighted directed acyclic 

network, and to be able to formulate the process 

algebraically.”

Specification p. 17



Applying Bellman’s Principle of Optimality 

S 

G 

T 

H 

F 

E 

D

C 

B

A

0 

20 

24 

18 

17 

15 

14 

16 

16 

24 

23 

21 

28 

27 

26 

22 

28 

27 

30 

20T

24T 

38G,

36G, 

35G, 

60D, 

65D,

58E, 

88A, 

The number on each edge 
represents the cost in 
€1000s corresponding to 
each particular decision.

41H

38H

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling

40H

61E

63E, 57F

60F

84B, 88C

Shortest Path: S - B - F - G - TMinimum cost for 4 year period = €84,000 Average Yearly Cost: €84,000/4 = €21,000 



Evaluating Solutions

What might a further iteration look like?

How could the model be refined to improve its accuracy? 

Formulating 

Problems

Evaluating 

Solutions

Translate to 

Mathematics

Computing 

Solutions

Mathematical 

Modelling

Evaluating the Solution:
How accurate and reliable is your solution based on your earlier assumptions?

What effect would changing your variables/assumptions have on your solution?

How does your solution compare with previous solutions/iterations?

Can you refine/alter your assumptions to improve your solution and will this change your solution much?



Comparing Bellman’s Principle of 
Optimality and Dijkstra’s Algorithm

Dijkstra’s Algorithm Bellman’s Principle of Optimality

Used to find the shortest path in both 

undirected and directed networks.

Used to find the shortest path in a 

multi-stage directed graph.

Greedy algorithm. Uses dynamic programming to 

implement the algorithm.

May or may not work when there is a 

negative edge weight. 

Works when there are negative edge 

weights.



Resources



Resources



Resources

Posters

Planning Tool



Contact Details

● Email: appliedmaths@pdst.ie

● Follow us on Twitter: @PDSTAppliedMath
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