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Session 1
Aims and Objectives
Aim
Leaving Certificate Applied Mathematics aims to develop the learner’s capacity to use
mathematics to model real-world problems. By focusing on all aspects of the problem-solving
cycle it is envisaged that learners will move beyond calculating procedures and gain experience
in asking appropriate questions, formulating mathematical representations of problems, and
interpreting and verifying results. Through Applied Mathematics, students should learn to
appreciate the extent to which mathematics is relevant in everyday life, generating engagement
and interest in the process. It is anticipated that digital technology will be used as a learning tool
in some aspects of this course.
Objectives
The objectives of Leaving Certificate Applied Mathematics are to develop applied mathematical
problem-solving skills so that students will be able to:
● Formulate a problem: Consider the scope and detail of a real-world problem, and to
define manageable questions to address
● Translate the problem into mathematics: Create or choose a suitable mathematical
model, and then formulate the question as a mathematical problem within the model
● Compute a solution: Use mathematical techniques to solve the mathematical problem
● Evaluate the solution: Interpret the mathematical solution in the original context.

Key Messages
1. Core to the specification is a non-linear approach empowered by the use of rich
pedagogy which will promote the making of connections between various Applied
Mathematics learning outcomes.
2. Strand 1 of the specification is a unifying strand and emphasises the importance of
utilising modelling across all learning outcomes thereby empowering the knowledge,
skills and values essential to all students’ learning in this subject.
3. Applied Mathematics is rooted in authentic problems as a context for learning about the
application of Mathematics to design solutions for real-world problems and to develop
problem solving skills applicable to a variety of disciplines.
4. Planning is an essential component of all teaching and learning and should include
consideration of how to meet the aims of the specification including the learning
outcomes of the four strands and the development of key skills.

Overview of Professional Development (PD) and Supports Available

•
•
•

9 X 1 day seminars

•

Full day PD workshops
5 X Professional Learning Communities (PLCs)

•

Autumn and Spring each year in response to teacher PD needs and relevant to the
particular community.
4 X Webinars
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•

•

Live events discussing new material with Q&A
2 X Technology Workshops

•

Exploring the use of technology in teaching Applied Maths.

Overview of Professional Development
Year 1 Nov 2020 - June 2021

Year 2 Sep 2021 - June 2022

Year 3 Sep 2022 - June 2023
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Compare Difference and Differential equations
In groups, we would like you to discuss and determine what ‘Difference Equations’ and
‘Differential Equations’ are and when they might come into play in the real world.
In your discussion, feel free to reference the Specification or the web.

Strand 4: Mathematically modelling a changing world
Differential equations are most useful for modelling situations
where the change is continuous in time.
However, if the change is discrete in time, (e.g. happens
incrementally) then students learn that difference equations are
more appropriate models.
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Approaches to Mathematical Modelling in the Classroom

Patterns
A sequence is an ordered list of objects – usually numbers.
Often we are interested in a sequence of numbers that develop a
particular pattern.

Recurrence relations
A recurrence relation is an equation that defines a sequence where
the next term is a function of the previous term(s).
1, 3, 9, 27, 81, ….
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How do these images connect to the conversation we are having
about sequences?

Applied Mathematics cross curricular learning
The knowledge and understanding gained in Applied Mathematics can be
used in conjunction with that developed in other senior cycle subjects to enrich
overall learning.
Students will appreciate the power of mathematics to model and shed light on
complex problems in many discipline areas.

Group Task – Word problem
According to legend King Shirham of India wanted to reward his servant Sissa Ban Dahir for
inventing and presenting him with the game of chess. The desire of his servant seemed
modest: “Give me a grain of wheat to put on the first square of this chessboard, and two grains
to put on the second square, and four grains to put on the third, and eight grains to put on the
fourth and so on, doubling for each successive square, give me enough grain to cover all 64
squares.”
“You don’t ask for much. Your wish will certainly be granted” exclaimed the king.
Based on an extract from “One, Two, Three…Infinity, Dover Publications
In groups discuss the problem – consider the background knowledge required and
suggest a solution.
Discuss how you might evaluate the practicality of the solution in terms of the
original problem.
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Method 1: an approach for students not having engaged as yet with sequences at Leaving
Certificate Mathematics, to calculate the sum of the first 64 terms.

Method 2: an approach for students having engaged with sequences at Leaving Certificate
Mathematics, to calculate the sum of the first 64 terms.
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Introducing Difference Equations
In a recurrence relationship, each term is defined as a function of the previous term(s). This
mathematical equality often involves the differences between successive values of a
function of a discrete variable.

Reflection on Teaching and Learning
What teaching and learning strategy did I find the most useful this morning?
How can I suitably apply the various teaching and learning strategies demonstrated
this morning?
What critical skills can I help develop in my students?
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Session 2
Discussion: Task Selection/Design
What does task selection/design for Applied Maths mean to you and
what role will the unifying strand, mathematical modelling, play in it?
What are the most important features of an effective task to you?
How might you support students in understanding how they are
engaging with a task and assessing their own progress?

Task Selection/Design
Task selection allows us to effectively engage with the specification and identify
connections between learning outcomes from multiple strands.
Views on task selection are always evolving and allow us to utilise new
experiences to enhance the educational experience for students.
Tasks that make connections between multiple strands allow students to gain a
deeper understanding of what they are learning.

Broadband Update
Your local area is having a new fibre broadband network installed. The initial phase is to first
connect the post office, a shop, a sports club, primary school and post-primary school.
(a)
Create a network with the locations identified by nodes and the roads and distances
represented by edges and weights respectively.
(b)
Using a suitable mathematical approach, determine the length of cabling required.
What learning outcomes are explored in this task and what suitable teaching
strategies could be used here?
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Task: Create/plan an authentic modelling problem
Using your learning outcome glance card, create a suitable modelling problem that
can utilise multiple learning outcomes from numerous strands from the Applied
Maths specification.
Outline the teaching and learning approach that may be used (e.g concepts
through/then modelling etc.).
What forms of assessment (summative or formative) could be used to determine if learning
outcomes have been achieved and to what depth?

Long Term Planning

Knowledge of the
specification

Understanding of students’
learning and prior knowledge
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Integration of suitable
teaching and learning
approaches

Long Term Planning
In your groups, discuss a long term plan for 5th year taking into account:
●
●
●

How will you continuously engage with the unifying strand, mathematical
modelling?
Where in their learning you would like your students to be at various stages
(term 1, term 2 etc.)?
How best will you connect learning between various strands?

Session 2: Reflection
What role will task selection/design play in your teaching of the Applied Maths
specification?
What do you think are the main features of a rich modelling problem?
What are key features of effective long-term planning?
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Session 3
Speeding car investigation
Some mechanical issue has caused a car’s wheels to lock up,
resulting in it skidding along a road in a straight line leaving a
skid mark of 20m before it comes to rest safely.
Is it possible to determine the speed of the car at the moment
the wheels locked up?

Newton’s First Law of Motion
“A body will remain in a state of rest or travelling with a constant velocity unless an unbalanced
external force acts on it.”

Newton’s Second Law of Motion
“When an unbalanced force F acts on a body, the rate of change of the body’s momentum (its
acceleration) is directly proportional to the force and takes place in the direction of the force.”
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Newton’s Third Law of Motion
“Whenever one object exerts a force on a second object, the second object exerts an equal
and opposite force on the first object.”

Horizontal
Plane
Why doesn’t the cannon move as much as the cannon ball?

What Happens Next?
How would you describe the acceleration of the objects in each of the scenarios below? Use
the simulator to investigate and draw conclusions.
How would you check for student understanding afterwards?

What happens when a cannon fires a cannonball?

How are Newton’s Laws represented in this action?
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Consider the Forces affecting the Motion of a Submarine
In the given diagram of a submerged submarine, what forces do you expect are represented
by the green arrows?
How could the submarine's momentum change?

Connecting Newton’s Laws with Prior Learning
Match the two images below with the appropriate graph(s).
R
F

F

State a scenario that
could be
represented by the
graph below.

Sketch a V-T graph
that represents the
skidding car from the
earlier problem.

W

Velocity
m/s
time
(s)

Reflection: Teaching and Learning in Approaches
Consider the approaches to teaching and learning used during this session and how it might
assist in the development of students’ understanding of new concepts such as friction.
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Speeding car investigation
Some mechanical issue has caused a car’s wheels to lock up, resulting in the car
skidding along a road in a straight line - leaving a skid mark of 20m before it
comes to rest safely.
Is it possible to determine the speed of the car at the moment the wheels locked
up?

Applying the Modelling Cycle to this Problem
Formulating the problem: What variables (factors) will affect
your model and what assumptions will you make?
Translate to Mathematics: What mathematical approach will
you use and why?
Computing Solutions: How will you calculate your solution and
what effect did your assumptions/variable have?
Evaluating Solutions: How will you determine the accuracy of
your solution? What might a further iteration involve?
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Next Steps?
Next event - Professional Learning Community (Nov./Dec. 2021).

What’s next? Timeline 2021 - 2022

Supports Provided by PDST
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Additional Questions (Solutions attached below):
Question 1
Calculate the order of the following recurrence relations -:
1. Un+1 = 6Un
2. Un+1 = 2Un + Un-1
3. Un+2 = -4Un+1 + 3Un-1
Question 2
Verify that Un = 2n + 1 is a solution to the recurrence relation Un = 2Un-1 - 1, given that U1 = 3.
Question 3
Show that 4n is a solution to the recurrence relation Un = 3Un-1 + 4Un-2
Question 4
Solve the recurrence relation Un = Un-1 + 2n, U0 = 5
2nd order homogenous linear recurrence relation with distinct roots
Question 5
Consider the recurrence relation Un+1 = 5Un - 6Un-1
1. Calculate the Second, third, and fourth term.
2. Find a closed formula for the sequence.

,

U0 = 6,

U1 = 13

Question 6
Solve the recurrence relation Un = 3Un-1 + 10Un-2 , U0 = 1, U1=2
to find a closed formula for Un.
Question 7
Consider the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, …
1. Find a recursive definition for the sequence.
2. Find a closed formula for the sequence.
Question 8
The sequence 2,5,12,29,70,169,408,… has a recurrence relation in the form Un+1 = 𝒂 Un + 𝒃
Un-1
1. Find a recursive definition for the sequence.
2. Find a closed formula for the sequence.
2nd order homogenous linear recurrence relation with similar roots
Question 9
Verify that the recursive definition Un = 6Un-1 - 9Un-2 , U0 = 3, U1 = 27 satisfies the next three
terms of the sequence 3, 27, 135, 567, 2187, 8109,…
Find a closed formula for the sequence.
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Question 10
What will the acceleration of a skydiver be when air resistance builds up to be equal to half of
their weight?
Question 11
A person of mass 70 kg stands on the floor of a lift which is moving with an upward
acceleration of 0.3 ms-2. Calculate the magnitude of the force exerted by the floor on the man.
Question 12
A car of mass 800 kg pulls a trailer of mass 200 kg along a straight horizontal road using a
light towbar which is parallel to the road. The horizontal resistances to motion of the car and
the trailer have magnitudes 400 N and 100 N respectively. The engine of the car produces a
constant horizontal driving force on the car of magnitude 1200 N. Find
(a) the acceleration of the car and trailer,
(b) the magnitude of the tension in the towbar.
The car is moving along the road when the driver sees a hazard ahead. He reduces the force
produced by the engine to zero and applies the brakes. The brakes produce a force on the car
of magnitude F newtons and the car and trailer decelerate. Given that the resistances to
motion are unchanged and the magnitude of the thrust in the towbar is 100 N,
(c) find the value of F.

Question 13
A car of mass m is travelling along a motorway. The brakes are suddenly applied, the wheels
lock, and the tyres slide over the wet asphalt surface of the road. If the coefficient of friction
between the road and the tyres is 0.27 then determine the magnitude of the car’s acceleration.
Question 14
A skier moving horizontally at 25 ms-1 comes to a stop due to the force of friction exerted by
the snow. If the skier and their equipment has a total mass of 90 kg and the coefficient of
friction is 0.2. Draw the free body diagram of the skier and the forces acting on them and also
determine the stopping distance?
Question 15
A particle is released from rest on a rough slope inclined at an angle of 30° to the horizontal. If
it takes 4 seconds to slide 10 metres, calculate the coefficient of friction.
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Solutions

Question 1
1. Order = (n+1) – (n) = 1
2. Order = (n+1) – (n-1) = 2
3. Order = (n+2) – (n-1) = 3
Question 2
First, we will check the initial condition U1 = 3
Un = 2n + 1 => U1 = 2(1) +1 = True
Now let’s try our general expression
Un = 2Un-1 - 1
eq1
n
Un = 2 + 1
eq2
Combining these two expressions we get:
Un-1 = 2n-1 + 1
So
Un = 2Un-1 - 1 = 2(2n-1 + 1) – 1

Un = 2n + 2 – 1

Un = 2n + 1
Question 3
Let us try our general expression
Un = 4n
Un = 3Un-1 + 4Un-2
Combining these two expressions we get:
Un-1 = 4n-1
and
Un-2 = 4n-2
So
Un = 3Un-1 + 4Un-2

Un = 3(4n-1) +4(4n-2)

= 3(4n-1) +4n-1 = 4n-1(3 + 1)

Un = 4n
Question 4
Un = Un-1 + 2n

True

eq1
eq2

True

becomes Un - Un-1 = 2n
U1 - U0 = 21
This method of ‘telescoping’ (or method
2
U2 - U1 = 2
of differences) iterations is very useful
U3 - U2 = 23
when you can rearrange the expression
4
U4 - U3 = 2
to read Un - Un-1 = …
…-…
= ...
Un-1 -Un-2 = 2n-1
Un -Un-1 = 2n
____
___
Un - U0
= 21 + 22 + 23 + 24 + 25 + … + 2n
Un - 5

= This is a GP, a = 2, r = 2
𝑆𝑛 =

Un - 5
Un

𝑎(𝑟 𝑛 −1)
𝑟−1

= 2n+1 – 2
= 2n+1 + 3
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, 𝑆𝑛 =

2(2𝑛 −1)
2−1

= 2n+1 – 2

Question 5
(1) Un+1 = 5Un - 6Un-1 , U0 = 6, U1 = 13
U2 = 5(U1) – 6(U0) => U2 = 5(13) – 6(6) => U2 = 29
U3 = 5(U2) – 6(U1) => U3 = 5(29) – 6(13) => U3 = 67
U4 = 5(U3) – 6(U2) => U4 = 5(67) – 6(29) => U4 = 161
(2)
Un+1 = 5Un - 6Un-1
can be rewritten as Un+1 - 5Un + 6Un-1 = 0
The equivalent characteristic polynomial can be written as:
𝑥2 – 5𝑥 + 6= 0
The roots of this characteristic polynomial(quadratic) are :
𝑥 = 2, 𝑥 = 3
The characteristic solution to define any term as it has two distinct roots is given by:
𝑈𝑛 = 𝛼 2𝑛 + 𝛽3𝑛
Substituting U0=6,
We get
𝟔=𝜶+ 𝜷
eq1
Substituting U1=13,
We get
𝟏𝟑 = 𝟐𝜶 + 𝟑𝜷
eq2

Solving eq1 and eq2 simultaneously we find that:
𝛼=5

and 𝛽 = 1

So, we So we can redefine our recursive relationship Un+1 = 5Un - 6Un-1
formula:
𝑈𝑛 = 5 (2𝑛 ) + 1(3𝑛 )

into a closed

Question 6
Let’s look at the first few terms so that we can have a better understanding of the problem.
Un = 3Un-1 + 10Un-2 U0=1, U1=2
U0 = 1
U1 = 2
U2 = 3(2) + 10(1)
= 16
U3= 3(16) + 10(2)
= 68
U4 = 3(68) + 10(16)
= 364
Un = 3Un-1 + 10Un-2 can be rewritten as Un - 3Un-1 - 10Un-2 = 0
The equivalent characteristic polynomial can be written as:
𝑥 2 – 3 𝑥 - 10 = 0
The roots of this characteristic polynomial(quadratic) are 𝑥 = 5 and 𝑥 = -2
The characteristic solution to define any term as it has two distinct roots is given by:
𝑈𝑛 = 𝛼(5)𝑛 + 𝛽(−2)𝑛
Using our earlier calculations for the first few terms, we substitute U0=1
Into our general term and get:
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𝟏 = 𝜶+𝜷
𝟐 = 𝟓𝜶 − 𝟐𝜷

Substituting U1=2 we get

eq1
eq2

Solving eq1 and eq2 simultaneously we find that:
𝛼=

4
7

𝑎𝑛𝑑 𝛽 =

3
7

So, we So we can redefine our recursive relationship Un = 3Un-1 + 10Un-2
formula:
4
3
𝑈𝑛 = (5)𝑛 + (−2)𝑛
7
7

into a closed

Question 7 Fibonacci sequence
(1) The third term and higher terms can be calculated by summing its preceding two
terms. So our recurrence relation is:
Un+1 = Un + Un-1 , U0=0,
U1=1
(2)
Un+1 = Un + Un-1
can be rewritten as Un+1 - Un - Un-1 = 0
The equivalent characteristic polynomial can be written as:
X2 – X - 1 = 0
The roots of this characteristic polynomial(quadratic) are :
1 ± √5
2
The characteristic solution to define any term as it has two distinct roots is given by:

Substituting U0=0,
We get
Substituting U1=1,
We get

𝟎=𝜶+ 𝜷

eq1

1 = 𝛼√5 − 𝛽√5 + (𝛼 + 𝛽)
𝟐 = 𝜶√𝟓 − 𝜷√𝟓 eq2

can be rewritten as

Solving eq1 and eq2 simultaneously we find that:
𝛼=

1
√5

and 𝛽 =

−1
√5

So, we So we can redefine our recursive relationship Un+1 = Un + Un-1

into a closed formula:

Question 8
(1)
Un+1 = 𝒂 Un + 𝒃 Un-1
U0 = 2
U1 = 5
 As
U2 = 𝑎U1 + 𝑏U0
and
U3 = 𝑎U2 + 𝑏U1
 this becomes 12 = 5𝑎 + 2𝑏 and
29 = 12𝑎 + 5𝑏
 Solving these equations simultaneously, we get 𝑎 = 2 𝑎𝑛𝑑 𝑏 = 1
 our recurrence relation is:
Un+1 = 2Un + Un-1 , U0 = 2, U1 = 5
www.pdst.ie/pp/sc/applied-maths
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(2)
Un+1 = 2Un + Un-1
can be rewritten as Un+1 - 2Un + Un-1 = 0
The equivalent characteristic polynomial can be written as:
𝑥2 – 2𝑥 + 1= 0
The roots of this characteristic polynomial(quadratic) are :
−1 ± √2
The characteristic solution to define any term as it has two distinct roots is given by:
𝑈𝑛 = 𝛼(−1+√2 )𝑛 + 𝛽(−1−√2 )𝑛
Substituting U0=2,
We get
Substituting U1=5,
We get

𝟐=𝜶+ 𝜷
5 = 𝛼√2 − 𝛽√2 − (𝛼 + 𝛽)
𝟕 = 𝜶√𝟐 − 𝜷√𝟐

can be rewritten as
Solving eq1 and eq2 simultaneously we find that:
𝛼=

7+2√2
2√2

and 𝛽 =

7+2√2
2√2

. (−1+√2 )𝑛 +

eq2

−7+2√2
2√2

So, we So we can redefine our recursive relationship Un+1 = 2Un + Un-1
formula:
𝑈𝑛=

eq1

−7+2√2
.
2√2

into a closed

(−1−√2 )𝑛

We can ask our students to verify the first few terms of this sequence.

Question 9
(1) Substituting into Un = 6Un-1 - 9Un-2, U0 = 3, U1 = 27
U2 = 6(27) - 9(3)
=> U2 = 135
True
U3 = 6(135) - 9(27)
=> U3 = 567
True
U4 = 6(567) - 9(135) => U4 = 2187
True
(2)
Un = 6Un-1 - 9Un-2
can be rewritten as Un - 6Un-1 + 9Un-2 = 0
The equivalent characteristic polynomial can be written as:
𝑥2 – 6𝑥 + 9= 0
The roots of this characteristic polynomial (quadratic) are both 𝑥 = 3:
The characteristic solution to define any term as it has two equal roots is given by:
𝑈𝑛 = 𝛼3𝑛 + 𝑛𝛽3𝑛
Substituting U0 = 3,
We get
Substituting U1 = 27,
We get

𝟑=𝜶
𝟐𝟕 = 𝟑𝜶 + 𝟑𝜷

eq1
eq2

Solving eq1 and eq2 simultaneously we find that:
𝛼 = 3 𝑎𝑛𝑑 𝛽 = 6
So, we So we can redefine our recursive relationship Un = 6Un-1 - 9Un-2 into a closed formula:
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𝑈𝑛= 3(3)𝑛 + 6𝑛(3)𝑛

Question 10
Forces in vertical plane
F = ma
W - R = ma
W - W/2 = ma
W/2 = ma
mg/2 = ma
a = g/2
a = 4.9 ms-2
Question 11

R
a

F = ma
R - W = ma
R - 70g = 70(0.3)
R = 21 + 70(9.8)
R = 707 N

W
Question 12
(a) For whole system: 1200 – 400 – 100 = 1000a
a = 0.7 ms–2
(b) For trailer: T – 100 = 200 × 0.6
T = 220 N
Or: For car: 1200 – 400 – T = 800 × 0.6
T = 320
(c) For trailer: 100 + 100 = 200f or –200f
f = 1.0 ms–2 (–1.0)
For car: 400 + F – 100 = 800f or –800f
F = 500 N
(N.B. For both: 400 + 100 + F = 1000f)

Question 13
Ffriction = µR and R = W = mg so
Ffriction = µmg
Since the frictional force is the only horizontal force acting, Newton’s second law tells us that a
can be found using:
F = ma = µmg
Therefore a = µg = 0.27(9.8) = 2.65 ms-2 with acceleration in the same direction as the
frictional force which is the opposite direction to that of the motion.
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Question 14

Forces in vertical plane
∑Fy = 0

=>

R-W=0

R=W
R = mg
Forces in horizontal plane
∑Fx = max
0 - Ffriction = max
Ffriction = µ.R
Since ∑Fx

= µ.mg

= m ax , we can say that

0 - µ.m g = max
ax = - µ.g
ax = - 0.2(9.8)
ax = - 1.96 ms-2
Since the force is constant then the acceleration is also constant allowing us to use the
equation:
v2 = u2 + 2as
with u = 25 ms-1 and v = 0 ms-1
2
2
(0) = (25) + 2(-1.96)(s)
3.92s = 625 => s = 159.44 m

Question 15
𝑠 = 𝑢𝑡 + 1/2𝑎𝑡 ⟹
10 = 1/2𝑎 × 4 ⟹
𝑎 = 1.25 𝑚𝑠
𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑑𝑜𝑤𝑛𝑠𝑙𝑜𝑝𝑒 𝑓𝑜𝑟𝑐𝑒: 𝐹 = 𝑚𝑎 ⟹ 𝐹 = 1.25𝑚
2

2

−2

𝑅𝑒𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑑𝑜𝑤𝑛 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒:
1.25𝑚 = 𝑚𝑔 sin 30° − 𝐹𝑟
𝐹𝑟 = 𝑚𝑔 sin 30° − 1.25𝑚
𝑅𝑒𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑙𝑜𝑝𝑒:
𝑅 = 𝑚𝑔 cos 30°
𝐹𝑟 = 𝜇𝑅
(𝑔 sin 30° − 1.25) = 𝜇𝑚𝑔 cos 30°
𝜇 = (𝑔 sin 30° − 1.25)/𝑔 cos 30°
𝜇 = 0.43
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